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Abstract—First order fuzzy time series (1** order FTS) is one of
popular time series forecasting models. Since employing the first
lag variable and using fuzzy logical relationship to derive the
forecasting value, 1** order FTS is often unsuccessful in analyzing
trend time series. On the other hand, moving averages can be
used to quickly identify the direction of trend by smoothing the
data. However, moving averages are lagging indicators that will
always be a step behind and give late signals. Therefore, It had
better not use moving averages alone as a forecasting model. This
paper proposed a hybrid approach based on moving averages
and weighted fuzzy time series (WFTS) model to analyze and
forecast the trend time series data. By using both models jointly,
it is expected that the different forms of pattern in time series
data can be captured. This hybrid model takes advantage of
moving averages in identifying trend direction and WFTS to
model the stationary residuals series after removing trend effect
using moving averages. The proposed moving averages and
WEFTS hybrid approach is applied to historical enrollment data
for the University of Alabama and maize production data for
Indonesia. Comparisons with other previous methods proposed
in the literature show that combination of moving averages and
WFTS model yields the smallest root mean square error (RMSE).

Keywords— hybrid approach; moving averages; weighted fuzzy
time series; enrollments; root mean square error

I. INTRODUCTION

The concept and the definition of fuzzy time series (FTS)
were firstly introduced by [1][2] in 1993. FTS was then divided
into two types, time variant and time-invariant [3]. In the
following year, [4] improved the method proposed by [1][2]
using arithmetic operation that is simpler rather than the max-
min composition operation presented in [2]. For other fuzzy
model modifications, [5] proposed a weighted fuzzy time series
(WFTS) to tackle recurrence and weighting in TAIEX
forecasting, [6] explored the trend-WFTS model for TAIEX
forecasting, [7] considered the FLR with a proper weight, [8]
proposed distribution and average based length to determine
effective lengths of intervals in order to improve forecasting in
FTS, [9] showed that average-based FTS model outperforms
WEFTS model proposed by [5] for Shanghai compound index
forecasting, and [10] presented FTS and clustering techniques
to forecast enrollments.
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Inspired by [11], many hybrid approaches that mixing two
or more than two models have been proposed by researchers to
improve the accuracy of forecasting by taking benefits of each
component of the model. Recently, in order to improve the
forecasting accuracy in trend and seasonal data, [12] discussed
a hybrid model based on the Winter’s model and developed
WETS. Tsaur [13] analyzed the residuals of FTS using Fourier
series transform for improving the forecasting performance.

This paper focus on moving averages and WFTS hybrid
approach in order to enhance the forecasting accuracy in trend
data. The proposed hybrid approach is then implemented to
forecast enrollments of Alabama University and maize
production in Indonesia. Based on the forecasting results from
illustrated examples, the proposed method shows better
performance than other methods.

II. A BRIEF OVERVIEW OF MOVING AVERAGES AND WEIGHTED
Fuzzy TIME SERIES

Two types of moving averages methods and three WFTS
methods introduced by [4]-[6] are briefly reviewed below.

A. Moving Averages Method

Moving averages method is used to smooth short-term
fluctuations by forming the weighted average of past
observations. In this section, the method of simple moving
averages and double moving averages are considered. Moving
averages smooth the data to form a trend.

A simple moving average (SMA) is an average that moves
and is formed by computing the average of the previous p
data. Forecast value for next period of SMA of order p is

computed by
P
Z Yr71+1
Y, — i=1

1 » (1)

where Y., is actual value at period #-+i+1 and p is the
number of most recent observations that used in the average
calculation[ 14].

Double moving average (DMA) is set to model trending
data. In this method, one set of moving averages is computed,
and a second set is then computed as a moving average of the
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first set [14]. The construction of DMA is presented as
follows. First, (1) is used to compute the moving average of
order p,

P
Yr—i+l
1 @

i=

p

M, =Y., =

Then (2) is used to compute the second moving average,

P
ZMJ—HI
' .
— i=l

M_

!

p

Forecast value for next period of DMA of order p is computed
by
Yt+1 =a,+b,

where @, = M, + (M, — M/) and b, = 2(M, — M/)/(p-1).

©)

B. Weighted Fuzzy Time Series

FTS approach was firstly coined by [1][2]. FTS can work
in small number of data. This kind of data does not require the
the assumption of linearity. In this paper, three 1* order WFTS
proposed by [4]-[6] are applied. The algorithm proposed by
[4] is given as follows.

Step 1: Set the universe of discourse U, which can be defined
as U = [Dy, - Dy, Diax + D5] and divided into several equal
parts, uj, Uy, ...,U,. Dpin and Dy, are the minimum and
maximum of known historical data, while D; and D, are two
proper positive numbers.

Step 2: Determine fuzzy sets Aj, A,, ...,A, on the universe U
and fuzzify the historical data. Each A; is establish by the
intervals uj, up, ...,u,.

Step 3: Fuzzify historical data.

Step 4: Define fuzzy logical relationships (FLRs)
and obtain the fuzzy logical relationship groups (FLRGs) by
taking together fuzzy propositions with the same antecedent.

Step 5: Obtain the forecast value. The calculations are
performed by the following rules:

Case 1: If the fuzzified of the data at period #-1 is A; and FLR
of A is Aj, Ai—A;, where the maximum membership value of
A is in the interval u; then the forecast value of period ¢ is m;
where m; is midpoint of u;.

Case 2: If the fuzzified of the data at period #-1 is A; and there
are more than one FLRs of A;, those are Aj;, Aj, ... Aj, Ai—
Aj1, Ap, ... Aji, then the forecast value of period ¢ is equal to
the mean of m;, my,,...,m; where m;,, m,...m; are the middle

values of uj;, Uj,...,Ujx, respectively.

Case 3: If the fuzzified of the data at period #-1 is A; and FLR
of A, is empty, A;—@, then the forecast value of period ¢ is m;
where m; is the midpoint of u;.
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Yu [5] proposed WFTS to tackle recurrence and
weighting. Recurrent fuzzy relationship should be taken into
account in forecasting. In this case, different weights could be
given to the many different fuzzy relationships. Yu [5] applied
a linear chronologically weights and produced more accurate
forecasts than the 1% order FTS method proposed by Chen in
[4]. The algorithm presented in [5] is proposed based on
Chen’s method. Step 1 until Step 3 follow the rules of Chen’s
method in [4]. The next steps are given as follows.

Step 4: Establish FLRs. The recurrent FLRs are considered by
revising Step 4 in [4]. For example, there are four FLRs with
the same antecedent, A;—A,, A|—A; A—A; A —A,.
These FLRs can be used to define FLRG as A;—A;,A», A3z A,.

Step 5: Obtain the forecast value. Suppose that Ai— Aj;, Aj,
... A, then the forecast value for period ¢ is

k
§ whm_jh
_ k=1
k

Z\’Vh

h=1

Y,

where wy =1, w, = wy,y + 1 for 2 < h < k and my,, mp, ...
are the middle values of uj;, ujy, ... Uy, respectively.

mjk

Cheng et al. [6] introduced FTS based on adaptive
expectation model for obtaining forecasts. As Yu’s method
[5], the first three steps of the method proposed by [6] are the
same with Chen’s method in [4]. The next steps are given as
below.

Step 4: Establish FLRs. The recurrent FLRs are considered
by revising Step 4 in [4]. For example, there are four FLRs
with the same antecedent, A;—A|, A|—A,, Aj—A;, A—A,.
These FLRs can be used to define FLRG as A|—A[,A,, Az A,.

Step 5: Assigning weights. Cheng et al.[6] applied the
frequency-weighted method. How to assign weights are
explained below. Suppose that A;—A;,Aj,A Az, then the
weight of the first A, is 1, A, is 1, A; is 1 and the second A, is
2. The weights show the probability of each Aj,’s appearance
in the FLRG.

Step 6: Calculate forecast value of period ¢. The forecast value

can be obtained by
k
Z Wwp m_jh
— _h=1

k

Z\’Vh

h=1

Y,

4)

where wy, is the weight of the A;, in the FLRG and m;;, ms, ...
my;, are the middle values of u;;, ujp, ... ujx, respectively.

Step 7: Apply a (ranging from 0 to 1, but not equal to 0) to
adjust the forecast value. The adaptive forecasting equation is

Yt(adapt): Yt-l + a( Yt - Yt-l)
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where Y,(adapt) is the adapted-forecast value for time ¢, ¥, is
actual value for time #-1, and Y, is forecast value from (4).

III. PROPOSED HYBRID MODEL AND ALGORITHM

Moving averages can be used to identify the direction of
trend. They can smooth the action of data and filter out the
noise. On the other hand, WFTS works well for stationary
time series data.

In this paper, let the moving averages be the first
component of the proposed hybrid approach that capture
particularly trend component. In this study, the residuals from
moving averages model will become stationary series and
therefore, it can be modeled by WFTS as a second component.
Thus, the forecast of the time series by using the proposed
hybrid approach can be considered as

Yt = Yl,t + Yz,t (5)

where Y, is forecast value at time ¢ obtained by the moving
averages model and Yz,, is the forecast value for residual of
moving averages model at time # obtained by WFTS model.

The hybrid model is constructed in two steps. It starts with
modelling trend part using the moving averages model and
then modelling the residuals from moving averages model
using WFTS model. The results of WFTS can be considered
as the predictions of the error term for moving averages
model. Algorithm for construction of proposed model is
presented below.

Step 1: Apply moving averages model (1) or (3) to determine
the first component, Y, , and the residuals, e,. The residuals can
be obtained by

et:Yt_Yl,t

where Y, is the actual value for time ¢ and Y, 1.+ 1s forecast value
from the moving averages model for time .

Step 2: Model the residuals from the moving averages model
using WFTS and determine the second component, f’z’t. In this
stage, three WFTS methods proposed by [4]-[6] are applied to
find forecast values of the second component.

Step 3: Determine the final forecast value. It can be obtained
by adding Y;, and Y, as(5).

IV. ILLUSTRATION

In this section, two illustrations are presented for showing
the forecasting performance in the proposed hybrid approach.
In the first illustration, the proposed hybrid model is applied to
an enrollment data and then compared the result with other
FTS models proposed in the previous researches. In second
illustration, the proposed hybrid model for maize production
forecasting is compared among some statistical models. All of
the models will be evaluated by RMSE as forecasting
accuracy measures. In this research, the proposed hybrid
model is implemented by using Microsoft Excel.

A. Enrollments Forecasting

The enrollments of Alabama University from year 1971 until
1992 [3] is used for experiment. In this empirical study, the
RMSE of the proposed hybrid model compared with RMSEs
of the other models presented in [2]-[6], [10] and [15]. The
steps to construct the proposed SMA-WFTS hybrid model for
enrollments are given below.

Step 1: Apply (1) to obtain the first component, Y;, and the
residuals, e,. Suppose that p = 2 then for =3, 4, ...22

Yl,r =Y+ Y02
and

et:Yt_Yl,ta

where Y, is the actual value at time ¢. Table I (column 5) shows
the residuals from the SMA model.

Step 2: model the residuals from the SMA model by applying
WEFTS model and obtain the second forecast component, f’z,,.
In this case, 100 is chosen as the length of interval. WFTS for
the residuals then can be obtained by the following steps.

(1) Set the universe of discourse U for the residual
historical data. In Table I, the minimum residual,
Dpin, 18 —1220.5 and the maximum residual, D,,,,, is
1728.5 with D; = 79.5 and D, = 71.5. Therefore,
U=[-1300,1800].

(2) Determine fuzzy sets A, A,, ...,Ay on the universe U
and fuzzify the historical data. U is divided into 31
intervals i.e. u;=[-1300,—-1200], u,=[-1200,—1100],
..., u3=[1700,1800].

(3) Establish the FLRs and FLRG.
(4) Calculate the forecast outputs.
Step 3: Obtain the final forecast values by adding Y, .. and Y2,t-

The DMA-WFTS forecast values can be determined in the
same way by applying (3) to get the first component, ¥ 1t
(Table T column 4) and the residuals, e, (Table I column 6).
Then employ WFTS methods discussed in [4]-[6] to model the
residuals from the DMA model. Therefore, the second forecast
component, f’z’t can be obtained. In this case, D, = —1268.5
and D, = 1080.5. Let D;=31.5 and D, = 19.5. Therefore, the
universe of discourse U becomes [-1300,1800]. U is then
divided into 24 intervals of equal lengths. The fuzzified
residuals from DMA can be seen in Table I column 8.

TABLE L FORECAST AND RESIDUAL VALUE FOR ENROLLMENT FROM
SMA AND DMA MODEL (FOR P=2)
5 Fuzzified
Y e, residual
Year Y,
SMA DMA SMA DMA SMA DMA
1971 | 13055 - - - - -
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Year| ¥, V9 e Fuzzified Year | ¥, SMA-WFTS DMA-WFTS
residual
1972 | 13563 - - - - - - 1971 | 13055 - - - - - -
1973 | 13867 | 13309 - 558 - Ay - 1972 | 13563 - - - - - -
1974 | 14696 | 13715 14324 981 372 A Ay 1973 | 13867 | 13965 13731.7 | 13965 - - -
1975 | 15460 | 14281.5 |15131.25 1178.5| 328.75 Ass Ay 1974 | 14696 | 15431.5 | 15431.5 [15431.5 | 14947.9| 14897.9 | 14947.9
1976 | 15311 | 15078 |16272.75 233 -961.75 Ais Ay 1975 | 15460 | 15328 15328 | 15328 16089.4 | 16039.4 | 16089.4
1977 | 15603 | 15385.5 |15846.75 217.5 | -243.75 Ais Ap 1976 | 15311 |15735.5 | 15768.8 [15735.5 |16096.8 | 16263.4| 16096.8
1978 | 15861 | 15457 |15564.25 404 296.75 Ajg Aje 1977 | 15603 | 15807 15840.3 | 15807 15814.3 | 15814.3 | 15814.3
1979 | 16807 | 15732 | 16144.5 1075 662.5 Aoy Ay 1978 | 15861 | 16782 16782 | 16782 16794.5| 16794.5 | 16794.5
1980 | 16919 | 16334 17237 585 =318 Ay Ay 1979 | 16807 | 16884 16884 | 16884 17287.0| 17420.3 | 17287.0
1981 | 16388 | 16863 | 17656.5 —475 | —1268.5 Ay A 1980 | 16919 | 17113 16879.7 | 17113 16406.5 | 16406.5 | 16406.5
1982 | 15433 | 16653.5 |16339.25 | —1220.5) —-906.25 A Ay 1981 | 16388 | 15853.5 | 16003.5 [15853.5 | 15389.3|15389.3| 15389.3
1983 | 15497 | 15910.5 | 14796 —413.5 701 Ay Az 1982 | 15433 | 15460.5 | 15460.5 [15460.5 | 15046.0| 15212.7| 15046.0
1984 | 15145 | 15465 |14796.75 -320 348.25 Ao Ay 1983 | 15497 | 14665 14815 | 14665 15146.8 | 15146.8 | 15146.8
1985 | 15163 | 15321 15105 -158 58 Ap Ay 1984 | 15145 | 15171 15171 15171 14921.7| 14871.7 | 14921.7
1986 | 15984 | 15154 | 14903.5 830 1080.5 A aon 1985 | 15163 | 16004 16004 | 16004 15953.5| 15953.5 | 15953.5
1987 | 16859 | 15573.5 |16202.75 1285.5| 656.25 Ase Az 1986 | 15984 | 16823.5 | 16823.5 [16823.5 | 16852.8| 16852.8 | 16852.8
1988 | 18150 | 16421.5 | 17693.5 1728.5 456.5 Az Ajg 1987 | 16859 | 18171.5 | 18171.5 [18171.5 | 17743.5|17876.8 | 17743.5
1989 | 18970 | 17504.5 | 19129 1465.5 -159 Ang A 1988 | 18150 | 18954.5 | 18954.5 [18954.5 | 18979.0| 18979.0| 18979.0
1990 | 19328 | 18560 |20143.25 768 —815.25 A As 1989 | 18970 | 19310 19310 | 19310 19293.3|19293.3 | 19293.3
1991 | 19337 | 19149 | 20032.5 188 —695.5 Ajs A; 1990 | 19328 | 19299 19299 | 19299 19382.5| 19382.5| 19382.5
1992 | 18876 |19332.5 |19607.75 | —456.5| -731.75 Ay Ag 1991 | 19337 | 18882.5 | 18882.5 [18882.5 | 18857.8| 18857.8| 18857.8
RMSE 858.76 | 665.74 1992 | 13055 | 13965 13731.7 | 13965 14947.9 | 14897.9 | 14947.9
RMSE 280.619 | 294.019 | 280.619 [305.825 |314.785 | 305.825
The comparison forecast results of the SMA-WFTS and
DMA-WEFTS are listed in Table II. Table III shows that the A EmL  CompaRISONS OF RMSES OF THE PROPOSED METHODS FOR
proposed hybrid approaches yield smaller RMSE than other ENROLLMENT WITH OTHER METHODS
existing methods discussed in [2]-[6],[10], and [15]. Method RMSE
The results at Table I show that SMA model yields greater Song and Chissom [2] 650.405
RMSE than DMA model, but in Table II it can be seen that the Song and Chissom [3] 880.731
reduction of residuals resulted from SMA model is larger than Chen [4] 638.363
from DMA model when they combine with WFTS. When Yu [5] 768.230
Tgble III is examined, it can be seen Fhat the proposed mode.ls Cheng et al. (6=0.9)[6] 438274
yield smaller RMSE than other existing methods proposed in Tanuwijaya [10] 349,407
[2]—[§], [10], and [15]. The results show that SMA.—WF TS Sullivan and Woodall [15] 621333
hybrid model has smallest RMSE among the altematlves. In Proposed hybrid approach 280,61
case of enrollments forecasting, SMA-WFTS hybrid models _SMA-WFTS? 305.95
produce smaller RMSEs than DMA-WFTS hybrid models. -DMA-WFTS* i

TABLE IL COMPARISON OF THE FORECAST RESULT FOR ENROLLMENT
WITH SMA-WFTS AND DMA-WETS (FOR P =2)
SMA-WFTS DMA-WFTS
Year ¥ Ch t Ch t
eng e eng e
Chen [4]| Yu[5] al.o=1[6] Chen[4]| Yu[5] al.o=1[6]
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“best performance among three WFTS

B.

Maize is one of the main food crops in Indonesia in addition to
rice and soy. The demand on maize increases every year
according to the increasing of the population and industries in
Indonesia. Therefore, it is necessary to evaluate the maize
production annually, evaluate the impact of policy decisions

Maize Production Forecasting
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and formulate future policy decisions. Forecast of maize
production is required in order to provide information for the
government to elaborate the maize agribusiness development
policy.

This study was conducted using secondary time series
maize production data (in Tons) for Indonesia during the
period from 1970 to 2013. The data were collected from the
data base of the minister of agriculture, Republic of Indonesia
(http://aplikasi.pertanian.go.id/bdsp/hasilKom.asp). The maize
production data set, which is plotted in Fig. 1, is divided into
training and testing set. The training set contains 41 data
points (1970 until 2010) and the test set contains last 3 data
points (2011 until 2013). Fig. 1 shows that prior to 2007,
maize production increased steadily and grew more rapidly
from 2008 to 2012. It underlies the assumption that the time
series data of national maize production has nonlinear trend
pattern. In this paper, SMA or DMA model is applied to
remove the trend component such that the residuals from
moving averages model will be stationary and nonlinear
relationship may exist. Therefore, WFTS works well to model
the residuals from moving averages model and it may improve
the accuracy of forecasting.

The proposed hybrid approach based on SMA and WFTS
for maize production can be obtained by following steps.

Step 1: apply the SMA to model the training set. Choose p =2
as the order of SMA.

Step 2: find the residuals from the SMA model and then apply
WEFTS to model the residuals. In this case, D, = —-1015295.5
and D« = 3868757. By choosing D; = 184704.5 and D, =
31.243 then U is [-1200000,3900000]. The length of intervals
used in this study is 100000. The next steps are to define fuzzy
sets, FLRGs and forecast residual values as in the first
illustration.

Step 3: Calculate the final forecast values.

25000

[
=3
=1
S
S

15000

10000

5000

maize production (thousands tons)

R R R

year

Fig. 1. The Graphic of Maize Production in Indonesia during 1970 until 2013

In a similar way, DMA-WFTS model can be constructed to
obtain forecast value of maize production in Indonesia. The
results of RMSEs obtained using proposed hybrid models are
listed in Table IV compared with Holt’s linear exponential
model proposed by [16] and hybrid exponential autoregressive
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model[17]. The illustrated example is archived with the
smaller RMSE.

Table IV shows the results of RMSEs of proposed hybrid
models for SMA-WFTS and DMA-WEFTS. All of DMA-
WFTS ie. DMA-WFTS 1% order Chen’s, DMA-WFTS 1%
order Yu’s and DMA-WFTS 1 order Cheng’s give smaller
RMSEs than SMA-WFTS in training data set and vice versa.
Each of SMA-WFTS produces smaller RMSE than DMA-
WFTS in testing data set. Furthermore, proposed models
produce more accurate forecasting values than Holt’s linear
exponential model, as shown in the results.

From the comparisons in Table IV, the worst performance
of the proposed hybrid models is better than either Holt’s
linear exponential or hybrid exponential autoregressive in
training data set. It can also be seen that both hybrid
exponential autoregressive and proposed hybrid models are
much better in accuracy than Holt’s linear exponential model.
Moreover, the hybrid between SMA and WFTS 1% order Yu’s
yields the smallest RMSE at testing data. Additionally, the
SMA model as the first component of the proposed hybrid
model gives better forecasting values at testing data set than
DMA when it combines with WFTS.

TABLE IV. COMPARISONS OF RMSES OF THE PROPOSED METHODS FOR
MAIZE PRODUCTION IN INDONESIA WITH OTHER METHODS
RMSE
Method
Training Testing
Holt’s linear exponential :
level smoothing factor = 0.466516 957 786.46 | 1774938.41
trend smoothing factor = 0.434226
Hybrid exponential autoregressive [17] 830 764.37 704 702.13
Proposed hybrid approach based on:
SMA with p=2 -WFTS 1* order Chen’s[4] 701 795.35 309 398.32
1* Yu’s[5] 745 623.56 155171.13
1 Cheng’s[6],=1 | 701 774.26 309 398.32
DMA with p=3- WFTS 1* order Chen’s[4] 502 940.88 | 1438035.33
1* Yu’s[5] 502927.30 | 1438035.33
1* Cheng’s[6], =1 | 502 583.21 | 1438035.33

V. CONCLUSION

The research for developing more effective and efficient
time series forecasting models is always been a challenging
problem since the accuracy of forecasting is essential in
decision making. By considering the strengths and weaknesses
of each component of the hybrid model, combination of two or
more different models will improve the accuracy of
forecasting. In this study, the proposed hybrid approach
models are combination between moving averages and WFTS
ie. SMA-WFTS and DMA-WFTS. The sequence for
hybridizing the model starts with moving averages, either
SMA or DMA model, followed by WFTS to model the
residuals from moving averages model. The empirical results
with enrollments and maize production time series data show
that the proposed hybrid approach takes the advantage of
moving averages to remove trend pattern and WFTS to model
the residuals that is become stationary series obtained from
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moving averages model and then define the adjusted
forecasting values to improve the forecasting performance.
The forecasting results from the illustrated examples suggest
that the proposed hybrid models are able to produce better
forecasts than other single models proposed in the literature,
particularly for forecasting trend time series.
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